THIS REPORT HAS BEEN DELIMITED
AND CLEARED FOR PUBLIC RELEASE
UNDER DOD DIRECTIVE 5200,20 AND
NO RESTRICTIONS ARE IMPOSED UPON
ITS USE AND DISCLOSURE,

DISTRIBUTION STATEMENT A

APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED,



e S A e e L

PO s — el P

 Prmed Services TechnicalInformation Agency

~ Reproduced by
DOCUMENT SERVICE CENTER |
XNOTT BUILDING, DAYTON, 2, OHIO

v A vy

=

This document is the property of the United States .
Government. It is furnished for the duration of the contract and
shall be returned when no longer required, or upon
recall by ASTIA to the following address:
Armed Services Technical Information Agency, Document Service Center,
Knott Building, Dayton 2, Ohio.

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
ARE USEL' FOR ANY PURPOSE OTHER THAN IN CONNECTION WITH A DEFINITELY RELATED
GOVERNNENT PROCUREMENT OPERATION, THE U. S. GOVERNMENT THEREBY INCURS

NO EESPCNSIBILITY, NOR ANY OBLIGATION WHATSOEVER; AND THE FACT THAT THE
GOVIRNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED THE

SAID DRA WINGS, SPECIFICATIONS, OR OTHER DATA IS NCT TO BE REGARDED BY
IMPLICAION OR OTHERWISE AS IN ANY MANNER LICFESING THE HOLDER OR ANY OTHER
PERSON (/R CORPORATION, OR CONVEYING ANY RIGHTS OR.PERMISSION TO MANUFACTURE,

USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO.

' g N ' 4 : ! a ! : :

N R e

]




REPORT NO, HE=150=-133

TECENIC AL, REFORT

§ CALIFORNIA
t MERING RESEARCH

STUMES OF BOUNDARY LAYFR SLIP SOLUTIONS AND AIJEK!S
METHOD FOR BOUNDARY LAYER CORRECTION

by
S. BELL

SERIES NO..20. oo

ISSUB NO..... 308 ooooeeeeeeeeeeseeeeerseeesenssos

DATE.............Resembex 6, 1955

4 et 4 e 4 ey S S S e e e ¢ e S g o % 4 et 4 8 S S S b

SR




CONTRACT N7Z-ohr-295-Task 3 JOINTLY SPONSORED BY
PROJECT NR 061-003 OFFICE CF NAVAL RESEARCH AND
. REPCRT NO, HE~150-133 : (FFICE CF SCIENTIFIC RESEARCH
S SERIES. NO. 20<106
S DECEMBER 6, 1955 Reproduction in whole or in pert
£3 | is perfiitted for any purposé of
the United States Govermment

FLUID FLOW AND
‘HEAT TRANSFER
'AT. LOW. PRESSURES
AND TEMPERATURE

STUDIES OF BOUNDARY LAYFR SLIP SOLUTIONS.AND ALDEN.S
METHOD FOR BOUNDARY LAYER CORRECTION

RN N

A

Y

e

FACULTY INVESTIGATORS :
S. 4. SCHAAF, ASSOCIATE PROFESSOR (OF ENGINEERING SCIENCE

A, ' L. TALBOT, ASSISTANT PROFESSOR OF MECHANICAL ENGINEERIN(

- ‘ tpproved by: _&

Note: This report was condensed from a Ph.D. thesis, University of Californis,
Ber,keley, 19550 |




-

R ———

o

b

2,0 Analysis .

Abstract o e e
Nomenclature . .

1.0 Introduction

3.0 Conclusions

dppendix I Co
Appendix II . . .
Appendix IIT . . .

List of References

ERK X )

T4BLE OF CONTENTS

Pag'e
111

iv

15
16
17

21

23

ii



1ii

ABSTRACT

Two aspects of incompressible leminar boundery leyer flow on & semi-
infinite flat plate at zero Incidence are discussed. Firsdtly, 4lden's
proposed scheme of solution of the Navier-Stokes equations for this
problem in terms of an expansion in inverse powers of the local Reynolds
number is demonstrated to be invelid, inasmuch as thé boundary -conditions
in the free stream cannot be satisfied to &1l orders. Secondly, an account
ig given of the effect of a velcecity slip boundary condition on the
solution of the Oseen boundary layer equetions for the same problem. It
i1s found that an =dditionsl non-uniformity in the solution is caused by

the introduction of glip.
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NOMENC LATURE

Drag coefficient, eq. (44)

Local skin friction coefficient, eq. (42)

“onstants defined in
Uunstents defined in
Functions defined in
Functions defined in
Functions defined in
Functions defined in

Functions defined in

eq. (18)

egs. (23) and (30)

eq. (14)

egs. (24), (25), (28) and (30)
eq. (12)

eq. (58)

eq. (26)

Constant defined in eq. (32) (K = Kas)

Knudsen number

Constants of integration (Appendix II)

Symbolizes terms of order - N , i.e., !‘."“XN O(X'")

= constant

Pressure

x4+ 4t

X =

‘.‘.sf' , Reynolds number based on L

'-}_55. » Reynolds number based on x

Uo //ZR Tm  » Mmolecular speed ratio
X and 3, velocity components

Functions defined in eq. (46)

Free stresm velocity

Certesian coordinates

Constants defined in eq. (29)

Constant defined in eq. (21)

Gamma function
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L/
g =
M
v =
Voo
5 =
Coo
a T

Y, (#7)
Va

NOMENCLATURE (continued)

Slip persmeter, see eq. (36)
ry ¥ , sixiliary variable
tan”' 4 /x |
Viscosity

r/e , Kinemetic viscosity
Free stroam kinematic viscosity
'714;,* , auxiliary variable
Density

Free stream density

Parsbolic coordinates, eq. (6)
Stream function, eq. (2)
Functions defined in eq. (11)
Laplacian operator

Asymptotic equality
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1,0 INTRODUCTION

Blasius solved the incompressible uoindary layer problem for laminer
flow past a semi-infinite flat plate at zero angle of atteck (references
1 end 2) end his result describes the Tlow quite well for regions where
the local Reynolds number, u,°><,/\; s 1s large. Von Karman has
proposed (reference 3) that the Blasius solution be considered the first
term of an asymptotic representetion of a solution to the full Navier-
Stokes equations; calculation of the second term should extend boundary
layer theory to lower Reynolds numbers. Due to the non-uniformities
which are inherent in boundery layer theory, any such representation
will contain terms which express these non-uniformities; in particular,
one would not expect a simple power series in the viscosity. The specific
form for the stream function expansion suggested by von Karman has a line
singularity on the y-axis (the plate is assumed to occupy the positive
x-axis with the leading edge at the origin). A4lden (reference /) improved
" this situation somewhat by modifying von Karmen's representation in such
& way as to rotete the line singularity to the negative x-axis. A4dopting
von Karman's philosophy, he obtained a "first correction® to the Blasius
so%uxion. it first glance, Alden's iteration scheme seems to lead to an
agymptotic series which is focrmally a solution of the Navier-Stokes problem.
In the first part of this paper it will be shown thst Alden's method can-
not lead to such a solution because of an unavoideble violation of the
free stream boundary conditions.

In the casge of & gas at low Reynolds mumbers the boundary conditions
at a solid surface must be modified to sccount for the slipping of the gas
at the wall (references 5 through 9). T¢ support the conjecture that slip
introduces an additionsl non-uniformity into the solution, the linearized
boundary leyer problem (for the flat plate) with a slip condition is
examined in detail in the second part of this psper. 4n explicit solution
is known ‘and this is compared with the divergent series solution obteined
by a perturbation in the "slip parameter™. '
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2.0 ANALYSIS
2.1 Alden's Method

The Navier-Stokes equations of motion and continuity, specialized
for the steady state two dimensional flow of an incompressible fluid are

ax
5 s (1)
uayv ov  _ .1 9
ox +"a‘g, - e S;, Vv
Pu OV
o X + ‘5—3_ = 0

where x eand S’are cartesian coordinztes, u and v are the cartesian
velocity components, V2 is the Laplacian operator, andp , p and
Y are, respectively, the density, the pressure and the kinematic
viscosity. ' )

A stream function, (P , may be introduced so that

w= é-y 3 v - 22 (2)
oy dx
and the continulty equation is automdtically satisfied. If the momentum
equations are cross differentleted and subtracted, to eliminate the pressure
terms, one obtains, in terms of the stream function

oy 1y, oWy = v (3)
—;%VW‘%%V‘”'“VV"’

Physical arguments lead one to suspect that the boundary layer
equation (reference 10)

W Py _ e o, ¥ (%)
Da,bxbz} ox 3}3 oy

mey describe the flow quite well in regions wher the local Reynolds
number, UeX/V , iz large, ( Un being the free stream velocity).



To comp'lete this stream function formulation of the incompressible boundary
layer problem for leminar flow past a semi-infinite flet plate at zero
aengle of attack, it will be assumed that the plate occuples the positive
x-axis with the leading edge at the origin and it will be required that

wzgg =};€=0 ot 13_=O)x>0

% — 0 (5)
s Y—pw O0<cHPLT
W, o
%%
where v and & are polar coordinates with origin at the leading edge of
the plate. This is essentially the problem solved by Blaesius.

In terms of parabolic coordinates,

x+iy = (o4iT) = ve'f (6)

" equation (3) becomes

e T - HE vy
2 B

= v{q. - 4(0’% + 1'%_-) + (¢‘¢t‘)V’}V2¢

via B 42

- where 20 et
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Figure 1.

Applying the analogous boundery layer arguments to equation (7) one
obtains the "parabolic boundary layer equetion",

23¢ > DWW o o2 ¥
e T TR - R =T ®)

Note that the parabolic boundafy layer equation is not the same as the
cartesian boundery layer equetion expressed in parabolic coordinetes
(see reference 11).

H. L. Alden (reference 4), following a suggestion by von Karmean
(reference 3), attempted to improve the boundary layer solution by
developing the iteration scheme which solves equation (1) with the
Blasius solution as the first term in an expansion. Using his scheme,
4lden found two termsién a proposed expansion. The first term is the
solution of the prrabolic boundary layer problem and the second term
may be thought of as a correction term. Since there is no obvious
mathemetical reason for concluding that his scheme will not lead to an
asymptotic expansion which is formally a solution of the problem, it
is worth while to investigate turther. Alden introduces the auxiliary
variables

= ‘t
7= } ()

’f :7(40;*
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and rewrites equetion (7) as

e B3 ) - ¥ )

1N Sy /" 3§ Ya
-vx{,,(b_‘se e T g (Th 'B%%)
+ (0"+v71)(§—:g + 2v".£%, + v g-;-‘é }

=0

Alden proposed the iteration scheme wherety /(v; »v) is formally
expressed ag

W(Tmv) = ViR + ViR () + YRKEn) +

. and this is to be substituted into equation (10) and the coefficients
of explicit powers of ¥ set equal to zero. The function, vi 4’, (7, ')) ’
will be found to be a solution of the parab;olic boundary layer problem
end this scheme may be thought of as a perturbation, in ¥ , around the
perabolic boundary layer solution. If, in equation (7), ¥ is set
equal to zero, the order of the equation is depressed. One therefore
calls this perturbation scheme singular and expects some sort of singu-
larity in the solution (references 12 and 13). Furthermore, the ex-
pansion (11) is not a true power series in » since the coefficients

Y,(T,v) depend implicitly on ¥ through v |
Alden's scheme produces a system of equations for the W (T,%)
and for each equation the variables may be separated if one sets



Uf.“’»’)) = <“ov7‘)a;:ﬁfn(’§) (12)

This yields & system of ordinary differentiel equetions for the () .
Unfortunately expression (12) implies that, for n3 2 ,
W(s,y) — o= a8 o> 0. It might be possible however, to show
that the expression (11) is an asymptotic series, uniformin.. ¢ eand
7 in some region excluding an arbitrarily small region bounded by
a parabola enclosing the stagnation line ( o = O ) and the leading edge.
This introduces the further complication of whe“her the boundary conditioms
which remain. are sufficient for the problem. The region mentioned above
excludes the origin, which is the most likely point where a non-uniformity
will occur in the solution.

The iteration scheme ylelds the following equations for the £ (§)

(€7 4£7) =0 2

eand for m =2, 3, 4y, . . »

for A e ndff £ o = A(E) )

where F, (?) is dependent on
T.f,f, o md f,
and the primes indicate differentiation with respect to S .
( R(%),F,(3) ,end F, (%) ere exhibited in &ppendix I).

The boundary conditions (5) require the following behavior for the
{',‘(‘f) , introduced in equations (11) and (12),

{1o) =0
1y 0 )S TR

(16)



f(8)/25 — |
()2 — |

o€ E—Pw

f(x)ls — O)g (16)
! n = 2, 3) >

f(5) —o ’

From equation (13)

.{'"' + {: f'” = C” , & constent. a7

Alden states that because of conditions (16)

{715) =0 and £(D)'(T) —> O o5 Tw o,

This can be proved by msking the highly reasonable assumption that the
veloeity gradlients are continuous. Becesuse of this hypothesis, ‘F. ( E)
end its first two derivatives are continu-us on O < '§ & o© . Now,
rewrite equation (17) as follows.

" R N o 13
R S

Using conditions (16), it is easy to show that

kg (19)
‘g‘::"o {t (S) = Ch =0

Thus, the equatiom for f: becomes .

7+ £f" =0 . (20)

This equation with the conditions in equations (16) possesses a
solution (reference 1), often referred to as the Blasius funciiom,
which is, together with all of its derivatives, continuous. Furthermore,
this is the only solution with continuous derivatives (reference 14).

The Blasius function exhibits the following asymptotic behavior as
T —» oo (reference 15).



f.(¥) w.??-—ﬂ', . =173
fi18) — 2

£(n)(E>‘/‘0 , n= 2,34, .-

(1)

Using equations (6), (9) and (12), one may formally rewrite expression (11):

W(my,v) = “—%?’NZO £, (%) (u:,z)n (22)

If conditions (16) are satisfied and each {,, ('5) is continuous on
O€F L= , then U 3,{.‘(§)/2‘§ is bounded on O & ¥ < eo and
expression (22) is an asymptotic expansion.

Unfortunately, 4lden's scheme does not lead to a solution of the
Navier-Stokes problem since f; ( §) cannot be made to satisfy condlitions
(16). In particular, it is impossible to choose f" ( E) so that

L f#( §) =0 o This will be shown in the following pages.
5§

[
let G, = f, (0 (23)

Co. = £'(0)

One may rewrite equetion (14) as
£ 4 {1+ @) + (322 4]f, = FalF)
Fal®) = G + [CFl)ay

Integrating again,

fo +4E +2nDLY, = Fal3) (25)
¥
Fal5) = G * [ [5 () + 2000004, ()]

Let
(5) = op[(3-pr)] f«‘“;“»[( A e

fOl‘ ns 2’ 3’ 4, es e

(24)



Multiply equation (25) by h, (§)  end obtein
L+ - h )+ [ b+ 200 §h,] = b By - @

One can show that

b+ U=kl ) = Fag (%)

7
Fal3) = f [hs 63 n) +1. (D£,(n) =25 +8)h () (=)
*2(n-2)(2-{, Ok, ()} | o,
and that o, mey be chosen so,that, for o, £T <,
-84)? / (3-Aa) |
[ e—(ii/)—{] = f'—,-a)[4 £+ (235-p)h £ -4:{]
A” A” nip nin L) (29)
(3- 8R) ,
sl KNORCE SRR
£(%) =€, h(5) e (5PR)
2 75
* b, (5) e (5-44) / RO NS
" | (30)

F { = —1 F,,- "’/1.‘ ».(.( (2% = -'i‘.‘,-
2o (5) U.m]‘[ JAE) +h () (D25 p (m)] ,

The L,. (;‘) and -{:, (E) are asymptotically finite, i.e., for each
n there is an integer 9 such that A,,({)/'g’ —>0 8 T —»eo.
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¥
fh(E) ) "n (§)e-('§°/’/1)2[e(’)'/3/a) an. ()7) d?

Fyls) = [mn(s)] £, (%)

5 (31)
E}('{)\/ﬂ [A"(;)) E‘a ('7) d)) + o cnstaal

\

k3
Eﬂ(g)t/\ C,,a + [ ’:,,,(17,)0'7 + o conslant

FulE) o Gy + [CRln)

Carrying out the obvious algebra, one can show (see Appendix 1I)
that

’ . 2 'f 1
‘Fz (g) “— Ke -(¥-1) (e(‘)'/!/-*) d, (32)
and )
i%(:% = 68K (33)
¥ > o0 '

Expression (32) is identical with Alden's result and is introduced here
to show that K = O . In fact Alden computed A =1.660 by mmerical
integration. Thus, f; (E) cennot be mede to satisfy condition (16)

and consequently the proposed expressions (11) and (12) cannot be made,
even formally, to satisfy equations (10) and (5). It may be remarked
that the Alden approech with a s8lip boundary condition is subject to the
same difficulty.

"2.2 The Flat Plate Boundary Layer Problem With Slip
In an attempt to incorporate rarefaction effects into boundary leyer
theory, one is led (reference 9)to considsr a slip boundary condition,

u =3 ;‘:& , where ¥ will be called the slip paremeter. § is
&



proportional to the mean free path length.

The flat plate boundsry layer problem with slip (i.e., with a slip
boundsry condition) has not yet been solved. With the idea of gaining
some knowledge of the slip effect in general, the corresponding linearized
problem for incompressible flow, whick has been solved explicitly (refer-
ence 7), will now be examined. First, the problem will be formulated and
the soluticn displayed. Secondly, a series solution of restricted validity
will be obtained by a perturbation scheme in ‘§ o Lastly, these solutions
will be compared and analyzed.,

The linearized, incompressible, steady-state boundary layer problem
with slip, for the sémi-infinite flat plate at zero sngle of attack may
be stated

a T
Pl 5= = %i;-; (34)
U —=—> U as 3_-—»00) x>0 (35)
“'-"Tg";"ﬂt g=O>x>O ' (36)

This is reminiscent of the Rayleigh impulsive plate problem, and if
condition (35) is replaced by

R = Ueo af x::o,«a,>0)I (37)
W bounded in the entire plane

one may solve this new problem with the aid of Laplace transforms (refer-
ence 7). Fortunately, the solution to this second problem satisfies con=
ditions (35) so the solution to the original problem is at hand. This

solution 1is:

e /——)w(w ol ).

= Uy ___ V.oX
dx "co'g 3”(““3-1 .s,. QV., )

F = (,,V, s )]. o

l




ou L oexp [ 22X 1 / e g

2 e [or( =) w
0u o Yeo du

3}‘ Voo X (41)

If one defines a local skin friction coefficient,

(42)

Cf:sz“-o ( )30

one obtains, for this problem,

G = 2% o () (/) “

The drag coefficient for that portion of the plete extending from the
origin to a distance L downstresm will be defined (including both upper
and lower plate surfaces) as

2 (* (44)
- 2(¢a

‘and for this problem

=4[22 | [ue3 (v.oL el 2 w
G vt Yo [T Up S’ i 3‘/ - +ﬁ

Equations (38), (43), (45) constitute the solution of the originally
posed problem.
An attempt to solve this ssme problem by a formal iteration in S R

commences with the formal series

(k)?,‘g) z u.(*,;)w Xu,(x)}) - X"u,(x,?) . (46)

12
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This ylelds the iteration scheme

a 2
ewuwé—“;o':/"g_u:
¢ : (47)
o —> Ueo a5 Y —» o2, X >0
Up =0 ot y =0, x>0

4

and for n .--51',‘,2, 350 0 o

'bu u,,
AT 'ﬂrl : (48)
U,—> 0 as g_—-).o) x S0
- z“u-n -
u, = 53-: M’%-O) x>0 5

The technique employed in solving the problem delinested by equation (34),
under the conditions (35) and (36) may be employed here to solve equations
(47). The no-slip solution, M, (%, ?)13

uo("..»é) ® Ueo ‘U‘f /li:i'%l) (49)

It is easy to see thsat

uh()‘)g.) = B'-a‘l;—"m) for n=1,2, 3, . . .(50)

solves equations (48). Thus, formally,

Ul%y,3) = Z 13 3; "w%(/;—t)) (51)

From the definitien (42) and equation (51) one obtains, formally

“ #c: ul ..f [ a;:*'(““"“f(/— )]

ob
= 2 [ T2 . (52)
'ﬁw%zsl» (w.. ] '

13



- —_-z; Voo Z( ') ,—(2n+l>(lb::"iz)n

nr*o

Integration by parts and the use of induction on expression (43) yields

G BJE e T ) 2

Thus, one sees that the formal iteration scheme led to an asymptotic

(around § = 0 ) expansion for ([ s (which is uwniform in x for X bounded

away fram zero). Expression (52) is useless st x = O and cannot help

in the determinastion of & it can, however, in & series of unjustified

steps, be summed exponentially, to yield expression (43) (see Appendix III).
From expression (43), one learns that

Lim (, = A% for fixed T >0

x—>o °f U T (
54)

A = 2 [ Ve for fixed x SO

Sa»0 c’e v “°' x

and the non-uniformity of C;' in T and » at T=x=0 1is apparent.
From expression (53),

. - US> , 3 “--'S‘)1
b - l'%r",/‘fi[""n!.'__’f'; T T'(v..x * } (55)

Integration by parts and the use of induction on expression (45) yields

Q
8 Voo _ E U2 o Ue?S
Gl - T/l YT

"-522
- h(eEY . ]

From equations (55) and (56) it is evident that a slip correction
to the local skin friction of order 'Sz does not imply that the slip
correction to the drag is also of order >, since the rion-uniformity
is sufficiently strong so thet the actual correction is of order § .

(56)
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3.0 CONCLUSIONS

1.

The scheme, which Alden used to correct the Blasius solution, cannot
lead to a solution, even formslly, of the incompressible Navier-
Stokes semi-infinite flat pleate problem.

For the incompressible linearized flat plate proble\m the inclusicn
of a slip boundary condition introduces & correction to the locel
skin friction of order ‘Sz but, due to a8 non-uniformity in the
solution, corrects the drag coefficient to order § .
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APPENDIX II

From 4ppendix I and equation (21) F,; —~ O ., Introducing the integration
constants, K,,m » one obtains

R «— O
F;.\./'\ Cq, + Ka.

Ez b (Cz, + K&u)(E'/S/z) +Caa + Kzz

(11-1)
F;:s - (Cn *Kll) (_S_‘_f_%)z + (¢zz + K,,)(E -/3/2) + Ray

o Gl (= '2/3£) +'o(’§")] v Cnthn
+ Kafes-mmy' + B8] 4 o(v)

Because of conditions (16), one must put

Cg, ' - K:. (11-2)

Using equations (14), (24), (25) and (28), one obteins

f oo Cuthon, Kn[ (3-2/3/2)-' . (3-___4.@’3_)’] +0(57)

A
of

AR TR
_Kn[(ﬁ 2/3/2) + 3(54/3/2) ] . O(S.‘)

£ Kas[(s-ﬁ/z)" + 3(5-/%)"] + 0(%7)
(11-3)

“Kyy [3(5-pa)t 4 15 (5-paY | 4 AT)

S N
E
1 []]

= Ky[1a(3-ay* + 90 (5-#125"] + O(%7)



dppendix I and equations (21) end (II-3) yield
F‘.! = "'0((-”2: t Kz:) + ‘/3 Ka; (E ‘ﬂ/&)ﬂ -+ 0('?-3) (X1-4)

Proceeding in the seme way as with £

B = =10(Gy + Kaa) (S-802) + Cyy + K,
=68 Ky (5' ﬂ/“)-| + 0 (-g-z)

Fa = ~§(Coar K )(S-R7) + (Cy* K (T -ph)
6B Koy n (5 -1372) + O(F™)

1 T4 (% ‘ﬂ/z)" -2 (a1-5)

Ry = -4 (C::*'Ka:)(‘f-ﬂ/:)y[l + O(E")]
+ (G +1) (% '/3/:)"[1 + O(S")]
- QpKN(E "ﬂ/z)jlen(,g-ﬂ/a)[ | - O(E-a)] . O(f3>

['hj("i\)]-l = '-Jé—( \3 -ﬂ/a)"' + O(E-c)



Fy = - 4o+ 10) (5-02)]) +o(§'=)] + 0-’::,2 Kn)[,,,, o(s")]

"2 MR (F-04)" 20 (3-08)[1 + o(57)
+ O(E")

f = -G +Ka) (3-6n) [1 +0(57)

e _ (11-6)
v Lo (5-pn)[ 1+ O3 ‘)]
- (1 Kas 4 (5-p) [14 (5]
+0(1)
Because of conditioms (16),
C;Q = - K:Q (11-7)
CJI = _K'N
f = P Kn & (3-08) +00) + £n(3-Pa)O(57)
f = -p K (5-0a)" + 0f5™) + 4 (5-ph) 0(5"?)
(;" < Kas (% 'ﬂ/a\)-z + ol%3)+ b (S‘/-‘A)O(?"’) (11-8)

£ = -2 Knl5-pRY + 0(5%) + £n(5-P)O(S™)

f = 8K (T-LuYy* + 0o(¥F) + L0 (5-An)o(5°¢)

19



F = 168 (4 Kog Dn (5-P512) + o)) + An(§-pra) O(57)
Fo = 886 Kas (§- A1) An (5 -3/2) +0(%) + 2n (5 -13%) 00)

£, = 848 Kas (5-0) £a(3-4) * [0.(5-64)) 00

+0(3%) + £ (5-64) (%)

by = 16(E-f/2)t -4 2(5-6/)" +12
£, = 192 B K [5-82) £n(3-F)
[ (5-6n)] O(F) + 0(%")
+ 2 (3-P22) 0(5¢)
Foy = 30 K (5-04Y £ (5-112)
+ [en(3-pm)]" 0(37) +0(37)
. + (5 -£12) 0(3?)
f, = 4p Ky (5-£4) £ [ §-12)

+[ e l%-0m)] 0 + o[%*)
+n (S-BA)0(S)

[ (3] = o (T-aR)° + 0(37)

(11-9)
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APPENDIX III

Proceeding from equation (52) in & purely formal menner:

6 #IF Eree (e

"

Vgo ” .'erl _“’;z,t_ N "
Wa/“.o% ,‘_o [—(nﬂ) Voo %

Vo 2 4"
‘zvr’_fj /‘t[+-—-'°3 ] dt

/]

The expression

I =+ ('Z-t[H £] %

with

x-}_’.‘.
U T

satisfies

dl _ + 9 =
I 2X[ +2 =0

I(o)=/m

Therefore

LN = /7 o (X) ande ()

21 j

(111-1)

(I11-2)

(I11-3)

(1II-4)

(111-5)



end finselly,
= e Ko X Re X
(™ s P () o u,o*s') (I1r-6)

This method of “exponentially summing® a divergent series i1s discussed
by Borel in reference 16,
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